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This paper provides a comprehensive overview on the utilization of curved graded multilayer coatings as focusing elements for
hard X-rays. It concentrates on the Kirkpatrick-Baez (KB) focusing setup that has been developed at 3rd generation synchrotron
sources worldwide. The optical performance of these devices is evaluated applying analytical and numerical approaches. The
essential role of the multilayer coating and its meridional d-spacing gradient are discussed as well as important technological
issues. Experimental data and examples of operational KB focusing devices and applications complement the work.

1. Introduction
Over the last decade, hard X-ray optics has evolved rapidly,
accelerated by the intense use of extremely brilliant 3rd
generation synchrotron radiation sources. The use of smaller
samples, the study of local areas, or the need to scan an
object with high spatial resolution pushed the development
of focusing devises. At present, X-ray beams can be focused
down to spots below 50 nm using various optical elements
such as Fresnel Zone Plates (FZPs) [1], Compound Refractive
Lenses (CRLs) [2], Wave Guides (WGs) [3], capillary
optics [4], curved Total Reflection Mirrors (TRMs) [5, 6],
transmission Multilayer Laue Lenses (MLLs) [7, 8], and
Reflective Multilayers (RMLs) [9, 10]. Several theoretical
studies, mainly numerical wave optical calculations, were
published treating the cases of FZPs [11], CRLs [12], TRMs
[13, 14], and MLLs [15, 16]. Advanced numerical ray
tracing calculations have been applied to RMLs [17, 18].
Alternatively, a purely analytical approach was proposed [19,
20]. The topic of this publication is the application of curved
graded RMLs to KB focusing devices [21]. The KB geometry
consists of two perpendicularly oriented curved mirrors and
is particularly useful on synchrotron beamlines since it can
transform the elongated synchrotron source into a nearly
circular spot (Figure 1). Being an oﬀ-axis system the device
produces a clean spot with low background and does not
require beam stops or protecting apertures. A single focusing

mirror per dimension operating under grazing incidence, as
outlined in chapter 2, is not suitable for imaging applications
since the Abbé sine condition [22] is not fulfilled. However,
two successive mirrors (elliptic/hyperbolic), the so called
Wolter geometry [23], can overcome this limitation.

2. Basic Optics Considerations
2.1. Resolution Limits. As in visible light optics the diﬀraction limited resolution (Full Width at Half Maximum,
FWHM) of an X-ray optical element with a flat rectangular
aperture is given by
Ddiﬀ =

0.44 · λ
,
NA

(1)

where NA = n · sin ε is the numerical aperture with
the opening angle 2ε and the optical index n and λ the
wavelength of the radiation. The minimum achievable spot
size, however, is also limited by the demagnified image of the
source of size S
Dsource =

q
· S,
p

(2)

where p is the source distance and q the image distance with
respect to the optics. The phenomenon can also be treated in
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main drawback in X-ray optics remains the low achievable
numerical aperture. The latter is caused by the weak
interaction of high-energy photons with matter, as given by
the complex optical index

Focus
Horizontal
focusing
KB system
Vertical
focusing

n = 1 − δ + iβ ≈ 1,

Source

Figure 1: Schematic view of a KB focusing setup for a synchrotron
source. By proper choice of the respective image distances the
elongated source can be focused to a circular spot.

(5)

where δ describes the dispersion and β the absorption in
the material. Most development eﬀorts in focusing optics
for hard X-rays are therefore dedicated to increasing the
numerical aperture.
In the case of reflecting optical elements and neglecting
phase shifts upon reflection, the ideal geometry for a pointto-point focusing setup would be an ellipsoid. Since this
work deals with KB setups operated at very small grazing
angles, the scheme can be very well approximated by
perpendicular projections on two elliptic cylinders. Thus, the
treatment can be reduced to two individual ellipses.

1
Pt mirror

Reflectivity

0.8

2.2. Total Reflection Mirrors. In the case of a single elliptic
TRM the range of grazing angles is limited to the upper side
by the critical angle of total external reflection θC (Figure 2)
given by

[W/B4 C]200
Λ = 2 nm
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sin θC = 2 · δ

(6)
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Figure 2: Comparison of the simulated reflectivity of a Pt TRM
and a W/B4 C RML with a d-spacing of 2.0 nm at a photon energy
of 50 keV.

and to the lower side only by the physical mirror length
when approaching the minimum angle of incidence at the
intersection point with the semiminor axis of the ellipse.
Since δ is a small quantity for hard X-rays, the achievable
opening 2ε is very limited. A quantitative estimate can be
made assuming a full opening of up to half of the critical
angle [9].
4 · ε ≤ θC

(7)

leading to a diﬀraction limit of


terms of the coherence properties of the beam. With a sourcesize limited transversal coherence length [24]
LT ≈

λ p
· ,
2 S

(3)

and assuming that the optical aperture selects only the
coherent section of the incoming beam, the diﬀraction
limited spot size becomes
Ddiﬀ (LT ) ≈ 1.76 ·

q
· S ≈ Dsource .
p

1.76 · λ
Ddiﬀ (TRM) ≈ √
= 1.76
2·δ

π
,
r0 · ρe

(8)

where r0 is the classical electron radius and ρe the electron
density of the material. This means that the focusing power
of a TRM is entirely limited by material properties. For
a Pt mirror one obtains a minimum spot size of about
25 nm FWHM. It should be noted that, in contrast to
other techniques, TRM focusing has the advantage of being
nondispersive.

(4)

This means that, apart from a geometrical factor, the
diﬀraction limited spot size of a coherently illuminated
optical element is of the order of the size of the source image.
Additional performance limiting eﬀects of real optics are
figure errors, scattering from defects or nonuniform areas,
and further experimental obstacles like alignment, vibration,
or drift.
Whilst the short wavelength of hard X-rays alone would
principally allow for a spot size far below the nm scale, the

2.3. Reflective Multilayers. Considerable improvement can
be obtained by the use of RMLs where a stack of periodic
bilayers reflects the incoming wave field. Provided the ML dspacing Λ matches the modified Bragg equation
λ
,
Λ= √ 2
2 n − cos2 θ

(9)

at any point along the mirror, constructive interference
enhances the reflectivity up to values that can reach 90%
or more. The Bragg angle of a RML can be several times
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bigger than the critical angle of a TRM. Figure 2 shows a
comparison of the simulated reflectivity between a Pt TRM
and a 200-period W/B4 C RML at a photon energy of 50 keV.
The typical number of bilayers in RMLs is of the order
of 100, leading to an energy resolution in the percent
range. In conjunction with high peak reflectivity, this means
that RMLs can provide an integrated reflectivity exceeding
those of perfect crystals by two orders of magnitude. Flat
RMLs are well understood and have been used as X-ray
optical elements for many years [25, 26]. Thanks to the
flexible d-spacing and the choice of suited material pairs the
optical performance of RMLs can be optimized according
to photon energy, incidence angle, and further experimental
parameters. This choice is also aﬀected by properties like
interface diﬀusion, stress, and chemical stability.
Instead of periodic RMLs, nonperiodic layered structures
can be deposited to obtain broader reflectivity profiles [27].
In combination with meridional thickness gradients they can
also be applied to KB setups [28].
To focus X-rays an RML has to be curved in accordance
with the angular dependence
sin θ = √

b
p·q

Figure 3: TRM, RML, and FZP in the same focusing configuration.
P
n=1−δ

P
n=1

s

θ

Caustic
ϕ
F(0, 0)

(10)

of the ellipse where b is its semiminor axis.
As for TRMs, the achievable resolution of curved RMLs
can be estimated analytically [9]. Applying the Bragg law
without refraction correction
λ
,
(11)
sin θ ≈
2·Λ
which is a good approximation for small d-spacings and
low wavelengths, respectively, the diﬀraction limit can be
calculated as
0.88
.
(12)
Ddiﬀ (RML) ≈
1/Λ2 − 1/Λ1
Here, Λ1,2 indicate the ML d-spacings at the respective edges
of the mirror. The resolution is therefore limited only by the
lateral d-spacing gradient of the RML. For a short period
RML with strong gradient (Λ = 2, . . . , 3 nm) focal spots
of about 5 nm FWHM appear realistic. Equation (12) can
be compared with the corresponding formula for a linear
Fresnel Zone Plate (FZP)
Ddiﬀ (FZP) = 0.88 · ΔR

RML TRM FZP

(13)

with outermost zone width ΔR. Considering a RML as an
equivalent to half of a linear zone plate (1/2 FZP) with
outermost repetition period Λ2 = 2 · ΔR and setting the
largest ML d-spacing Λ1 to infinity (half of central FZP zone)
one obtains


1
(14)
Ddiﬀ FZP = 0.88 · Λ2 = Ddiﬀ (RML).
2
Equation (14) shows that, within the given approximation,
both optical elements are diﬀerent representations of the
same focusing configuration (Figure 3).
For applications it is interesting to note that none of
the above equations (8) or (12) contains any explicit energy
dependence.

Figure 4: Ray propagation through a curved layered structure. Rays
reflected from the upper RML surface P reach the ideal focus F. Rays
reflected at P  are refracted when crossing P.

3. Models and Simulations
3.1. Ray Tracing Calculations. So far the RML was treated as a
single reflecting surface. In order to investigate the impact of
the beam penetration into the ML structure, both numerical
and analytical ray tracing simulations were developed [18–
20]. An analytical approach is shown in Figure 4 for the
case of a parabolic RML. It can be shown that the elliptic
case is virtually identical for the high ellipse eccentricities
that occur in synchrotron applications. The RML stack is
approximated by a single thick layer of average optical index
n = 1 − δ. Multiple reflections and refractions within the
stack are neglected, and refraction at the surface P is treated
in linear approximation. The aim is to calculate the principal
intersection points of rays that penetrate into the structure
and that are reflected by the second interface P  . An ensemble
of parallel incoming beams forms an envelope curve of
enhanced intensity (caustic) near the ideal focus F.
The analytical derivation is carried out to first order in
δ, which is a small quantity for hard X-rays. The resulting
intersection points of the outgoing beams with the optical
axis X on the one hand and with the focal plane Y on the
other can be written as




X y = 0 ≈ δ · s · t4 ,
Y (x = 0) ≈ 2 · δ · s · t 3

(15)

with
t = tan

ϕ
2

(16)
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Table 1: Comparison of the transmitted energy bandwidth of
diﬀerent optical elements.
FZP
dE/E D2 /(1.76 · f · λ)

CRL
D2 /(3.52 · f · λ)

50

RML
D2 /(3.52 · Δ f · λ)

θ = 0.3 deg
0.35 deg
0.4 deg
0.45 deg

40

Focal
plane

δ∝

1
.
E2

(17)

It can be shown that [20], for a given optical element,
the tolerated bandwidth dE/E for a given focal spot size D
(FWHM) takes the form summarized in Table 1. It has to
be underlined that, in contrast to FZPs and CRLs, where
the macroscopic focal length f appears in the denominator,
only the small aberration Δ f ∼
= X enters the formula
for the RML, which makes this element nearly achromatic.
The physical background of the diﬀerent impact on the
chromaticity is clearly visible. For FZPs and CRLs the
phase shift induced by the optical elements is at the origin
of their focusing properties, and chromaticity is therefore
unavoidable. In the case of RMLs, however, it is rather
a parasitic eﬀect that should be suppressed as much as
possible.
It has to be emphasized that the above analysis is based
on ideal elliptically or parabolically shaped RMLs. It is
known, however, that the optimum shapes of focusing RMLs
diﬀer from these perfect mathematical curves. It is a general
practice to assume that RMLs have to fulfill Bragg’s law (9)
locally [30, 31] in order to provide constructive interference
at the same photon energy and at any point along the optical
surface. The ML d-spacings and consequently the interface
positions in space change as the optical indices diﬀer from
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Figure 5: Ensemble of rays (straight arrows) emerging from a RML
under variable grazing angles and constant s. The lower thick curve
indicates the corresponding caustic.
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Y (focal plane) (nm)

and s being as indicated in Figure 4. Rays impinging at lower
grazing angles θ produce stronger aberrations in both x and y
directions. Both the layer thickness and the refracting power
of the medium amplify the eﬀect. The situation is illustrated
in Figure 5 for a source distance p = 150 m, an image
distance q = 0.077 m, and a photon energy E = 24550 eV.
Figure 6 shows the intersection points Y with the focal
plane given in Figure 5 as a function of the grazing angle θ.
The purple line represents a calculation using the approximation (15) while the red line was obtained by exact numerical
ray tracing on the same structure. Both curves are in good
agreement for higher angles. Closer to the critical angle θC ,
where the linear approximation of Snell’s law fails, the curves
diverge. The solid circles are independent calculations made
at Osaka University using a diﬀerent ray tracing code. There
is a reasonably good agreement between the two methods
[29]. The examples in Figures 5 and 6 were calculated for
a parameter set corresponding to realistic focusing setups
at a 3rd generation synchrotron beamline. The expected
aberrations in the focal plane would be lower than 10 nm for
a typical grazing angle of 0.3◦ .
The analytical approach has the benefit that equations
(15) allow for an estimate of chromatic aberrations and
for a comparison with other types of focusing elements.
Chromaticity enters through the energy dependent refractive
decrement

101

100
Osaka ray tracing code
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10−3
0.1 θc

1
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Figure 6: Intersection points of the rays with the focal plane as
a function of the grazing angle. The purple line was derived from
(15), the red curve shows exact ray tracing calculations. Blue circles
indicate simulated data from Osaka University.

unity. There is strong evidence that this refraction correction
implicitly leads to the optimum RML shape [18]. Full wave
optical computations will be required to derive structures
that minimize or suppress aberrations. They will also have to
include eﬀects caused by figure errors and by the finite source
size.
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Figure 7: Field intensity of a point source focused by an ideal
elliptic Pd mirror (logarithmic scale).
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Figure 8: Partially coherent superposition of the focused fields
of diﬀerent point sources representing a spatially extended source
(logarithmic scale). Figure errors on the Pd mirror are included.

3.2. Wave Optical Calculations. A first step to minimize the
aberration of RMLs is wave optical calculations for a single
reflecting surface and the related wave propagation in free
space from the source to the mirror and further to the
focal plane. An isotropic and monochromatic point source
emits a number of rays (typically ten thousands), which are
traced onto the mirror’s surface S, where they are reflected.
The amplitude is multiplied by the corresponding Fresnel
coeﬃcient, so the outgoing field A(s) is known in amplitude
and phase. In a region around the nominal focus point the
intensity distribution is calculated by a numerical solution
of Kirchhoﬀ ’s integral of diﬀraction, treated here in two
dimensions corresponding to the plane of incidence (x, y):

 1
√
I x, y = 
 λ




2


eikr

A(s) · √ · ds
.

r
S

Figure 9: Diﬀraction limited focal spot size (FWHM) versus beam
footprint on an elliptic RML, calculated from equation (12) (blue
curve), from the exact NA (purple curve), and using a wave optical
code for a single surface (red curve).

(18)

Figure 7 shows the field intensity emitted by an isotropic
point source and focused by an ideal elliptic Pd mirror at a
photon energy of 8 keV. Source and image distances are p =
85 m and q = 0.2 m, respectively. The angle of incidence at
the mirror center was set to 4 mrad = 0.23◦ .
The geometrical cone of the converging beam, the
diﬀraction waist, as well as interference features from the

finite aperture are clearly visible. In the present case, a
diﬀraction limited spot size of 71 nm FWHM was obtained.
The model was refined to treat extended sources as well
as figure errors on the mirror surface. Figure 8 shows the
performance of the same Pd mirror as in Figure 7, this time
assuming a Gaussian source of 85 μm FWHM and a figure
error of about 5 nm peak-to-valley (PV). The simulation was
made for an ensemble of partially coherent point sources
representing a spatially extended source. The focal spot size
has increased to 190 nm. The blurring and the disappearance
of the interference fringes are mainly due to the finite and
only partially coherent source.
It is of interest to compare wave optical results with those
that can be obtained by purely geometrical considerations as
outlined in Section 2. Figure 9 shows the diﬀraction limited
focal spot size versus the illuminated footprint along a
mirror, calculated from (12) (blue curve), from the exact NA
(purple curve), and using a wave optical code (red curve).
The parameters used in the calculations correspond to those
given in Figure 5. The incoming beam aperture is increased
while remaining centered at θ = 0.35◦ .
It can be seen that the geometrical approach assuming a
flat numerical aperture NA (thin lens approximation) agrees
well with the wave optical calculations for short mirror
sections. As the length of the footprint becomes comparable with the image distance, the geometrical approach
underestimates the spot size. In the latter case, the strongly
asymmetric aperture can no longer be approximated by
a thin lens. Equation (12) returns systematically lower
values than the other methods, mainly due to the neglected
refraction correction. Despite the observed diﬀerences, all
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Table 2: Comparison of the experimental performance of various X-ray optical elements.

Type
Element
D [nm]
E [keV]
ΔE/E
Geometry
Preference

TRM
25
<20
—
Deflecting KB
Focusing

Reflecting
RML
7
<60
1%–10%
Deflecting KB
Focusing

Diﬀracting
WG
<50
<20
—
In-line KB
Holography

three descriptions return values that are consistent within the
given degree of simplification.

FZP
15
<10
0.1%
In-line KB
Imaging

MLL
16
<20
0.01%–0.1%
In-line KB
Imaging

Refracting
CRL
<50
<100
—
In-line KB
Imaging

in terms of both figuring and polishing. Both types of optics
are commercially available [43–46] and are mainly used in
combination with laboratory X-ray sources.

4. Technological Options
4.1. Overview. At present, three alternative approaches have
been developed to produce curved RMLs for applications at
3rd generation synchrotron sources. APS (USA) investigated
profile coatings to provide optical surfaces with the required
fixed focus elliptic curvature [6], essentially without ML
coatings. Work at the ESRF (France) concentrated on ML
coated flat mirrors integrated into dynamical benders to
approach the optimum curvature [32]. SPring-8 and the
University of Osaka (Japan) developed deterministic polishing techniques [33] and diﬀerential deposition to obtain
ultra precise surfaces and the required ML coatings [34].
KB focusing systems for X-rays, though mainly based on
TRMs, are commercially available from various suppliers. A
nonexhaustive list is given in [35–41].
4.2. ML Deposition. The principal challenge in the fabrication of an RML is the accurate deposition of the dspacing gradient that fulfills (9). In order to guarantee
both uniform reflectivity and phase the tolerated thickness
errors of the individual layers must be far below the width
of the ML Bragg peak. In practice, the accuracy must be
of the order of 0.5% or better. Today, the most common
deposition method is magnetron sputtering. It combines
high deposition rates (0.1–1.0 nm/s) with reasonably stable
operation over a full coating cycle. The high kinetic energy
of sputtered particles favors the formation of smooth and
dense thin layers. Relative motion between sputter source
and substrate, sometimes complemented by the insertion of
masks, is the method of choice to produce the correct thickness gradient. This technique is also known as diﬀerential
deposition.
4.3. Alternative Solutions. An interesting alternative focusing
scheme was proposed by Montel [42] where the two
perpendicular reflecting surfaces are positioned side by side.
This approach oﬀers a more compact arrangement and
enables equal demagnification in both directions. The critical
issue is the corner line where both mirrors are in contact.
Single reflection optics with ellipsoidal shape is attractive
thanks to its higher transmission and potentially larger
collection angle. The fabrication is particularly challenging

5. Experimental Progress
With Pt coated mirrors diﬀraction limited spot sizes of
about 25 nm were measured [47]. More recently, this value
could be significantly improved by the use of Pt/C RMLs.
During experiments at Spring-8, a line focus of 7 nm could
be obtained with a monochromatic beam at 20 keV [10].
This remarkable performance was achieved by inserting an
online wave front correction mirror to account for residual
figure errors on the focusing element itself [48]. An example
of a line profile is given in Figure 10, containing both
experimental data and a numerical simulation (courtesy H.
Mimura). It is important to note that these experimental
findings are in line with the theoretical estimates made in
Sections 2 and 3.
The main drawback of fixed focus KBs is their lack of flexibility required for operation at variable energies. Dynamical
setups based on bent RMLs, that oﬀer the possibility to
switch the photon energy, have achieved best results of about
45 nm [49]. So far, figure errors and mechanical vibrations
were identified as principal obstacles to reach smaller
spots.

6. Comparison with Other Focusing Elements
It is not within the scope of this paper to provide a full
comparison of the various optical elements presently used
to focus hard X-rays. Nevertheless, Table 2 gives a brief
overview on the typical experimental performance along
some key parameters such as the smallest achieved spot size
D, typical energy range E, intrinsic bandwidth ΔE/E, and
practical aspects concerning geometry and preferred mode
of operation. It is not exhaustive and subject to ongoing
evolution. The corresponding references and abbreviations
were introduced in Section 1. A similar summary was
published in [50]. A comprehensive overview on the diﬀerent
types of X-ray optics can be found in [51].

7. Applications
Over the last 10 years, at ESRF, more than 20 RML based
KB focusing devices were delivered to diﬀerent beamlines.
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focal line of a curved RML fabricated at Osaka University and
measured at Spring-8. The blue curve shows the ideal shape of the
diﬀraction limited case (courtesy H. Mimura).

They provide focal spots from 100 μm down to less than
100 nm to the user community. In contrast to crystal optics
the high reflectivity and the broad bandwidth of the ML
elements allow for high intensity, making them the system of
choice for flux limited experiments. The most brilliant ESRF
KB nanofocusing setups provide flux densities of about 3 ·
105 ph/s/mA/nm2 . Novel techniques like projection tomography [52] and fluorescence imaging [53] on the nanometer
scale have evolved thanks to the excellent performance of this
optical system. They provide new opportunities for various
scientific and engineering disciplines.

8. Summary and Outlook
KB focusing devices based on graded RML coatings play
a major role in present day X-ray optics, in particular on
3rd generation synchrotron beamlines. Thanks to their ML
coating their numerical aperture can be increased by a factor
of about 5 compared with TRMs. They are widely used
and have generated diﬀraction limited focal spots down to
7 nm FWHM. While both design and fabrication of curved
RMLs have developed rapidly over the last decade, a full wave
optical description is still lacking.
Several approaches to further reduce the spot size might
be considered. The use of higher-order Bragg peaks would
increase the numerical aperture, on the expense of reflectivity
and flux. A real technological breakthrough would be the
use of two coherently illuminated curved RMLs facing each
other. A rough estimate shows [9] that such a setup would
reduce the diﬀraction limit by a factor 4 compared to a single
element. If one adds a second RML on each side, leading
to two successive reflections (Wolter geometry), the gain in
aperture would be about 8.
From a fundamental point of view the 1 nm limit seems
to be within reach. The task to align several optical elements
to within atomic distances, however, represents a major
technological challenge.
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