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The ability of soft, coarse-grained models to describe the narrow interface of a nearly

incompressible polymer melt in contact with a solid is explored by numerical self-consistent field

calculations and Monte-Carlo simulations. We investigate the effect of the discreteness of the

bead-spring architecture by quantitatively comparing the results of a bead-spring model with

different number of beads, N, but identical end-to-end distance, Re, and a continuous

Gaussian-thread model. If the width, x, of the narrow polymer–solid contact is smaller or

comparable to the length of a statistical segment, b ¼ Re=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N � 1
p

, strong differences in the

interface tension and the density profiles between the two models are observed, and strategies for

compensating the discrete nature of the bead-spring model are investigated. Compensating the

discretization of the chain contour in the bead-spring model by applying an external

segment–solid potential, we simultaneously adjust the interface tension and the density profile to

the predictions of the Gaussian-thread model. We suggest that the geometry of the polymer–solid

contact and the interface tension are relevant characteristics that a coarse-grained model of

polymer–solid contacts must reproduce in order to establish a quantitative relationship to an

experimental system.

I. Introduction

Polymers in contact with solid boundaries have attracted

abiding interest and qualitatively different approaches—ranging

from scaling approaches and renormalization group theory

to atomistic modeling—have been devised to predict their

properties. Using a soft, coarse-grained model, we consider a

dense, nearly incompressible polymer melt in contact with a

structureless, impenetrable solid substrate and explore the

structure and thermodynamics on the length scales ranging

from the Edwards screening length, x, to the size of a polymer

coil, Re. Specifically, we explore how a coarse-grained model

for a dense polymer melt can cope with the large disparity

between the two characteristic length scales, x and Re.

The most basic description of the polymer conformations

of a melt in contact with a solid boundary—Silberberg’s

argument1—conceives the effect of the solid to merely consist

in mirroring the chain conformations at the polymer–solid

contact plane, i.e., the solid imposes a reflecting boundary

condition onto the chain conformations.

On the next level of refinement, a compressible melt of very

long Gaussian chains in contact with the solid substrate has

been considered.2,3 The loss of conformational entropy of a

long Gaussian macromolecule in a spatially inhomogeneous

environment is described by the Lifshitz entropy4 and the finite

compressibility of the melt can be modeled by a Helfand

compressibility term.5 In this case, the free-energy, FGS[f],
as a functional of the normalized density, f(r), adopts the

particularly simple form of the ground-state approximation:

FGS½f�
kBT

ffiffiffiffi
�N
p ¼

Z
dr

R3
e

R2
e

24

½rfðrÞ�2

fðrÞ þ
kN
2
½fðrÞ � 1�2

( )
ð1Þ

�N � ðrbulkR3
e=NÞ

2 denotes the invariant degree of polymer-

ization and rbulk, N, and Re are the segment number density,

the number of segments per polymer, and the molecules’

end-to-end distance in the bulk, respectively. k is a measure

of the inverse compressibility of the dense melt. The equilibrium

density profile, which minimizes this free-energy functional, is

given by Wu et al.2

fGSðxÞ ¼ tanh2
x

2x

� �
; ð2Þ

where the narrow width of the polymer–solid contact is given

by the Edwards screening length

x ¼ Reffiffiffiffiffiffiffiffiffiffiffiffi
12kN
p ð3Þ

that describes the range of density fluctuation of the

compressible polymer liquid. This length scale is set by

a competition between the entropy loss, favoring a broad
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interface, and the non-bonded interactions, minimizing the

interface width. These calculations for the Gaussian chain

model tacitly assume that the statistics of molecular confor-

mations is Gaussian on the length scale x, i.e., the statistical

segment length, bo, of a polymer molecule is much smaller

than x. Within the ground-state approximation, the interface

tension, gGS, is given by the analytical expression

gGS ¼
2

3
ffiffiffi
3
p kBT

ffiffiffiffi
�N
p

R2
e

ffiffiffiffiffiffiffi
kN
p

: ð4Þ

More accurate theoretical approaches use self-consistent field

theory to consider a compressible melt of Gaussian2,3 or

worm-like chains6–9 at a solid substrate. In the self-consistent

field theory,5,7,10–16 one approximates the interacting multi-chain

system by the problem of a single chain in a static, external

field, which self-consistently mimics the interaction of a

molecule with its surroundings. These mean-field calculations

have provided detailed information about the structure and

thermodynamics of polymer–solid contacts. According to

these calculations, the chain conformations are strongly

affected by the inhomogeneous density and the chain ends

are enriched in the narrow polymer–solid interface of width x.
Outside of this narrow interface, Silberberg’s argument

characterizes the leading-order behavior. There are long-range

corrections to Silberberg’s argument, which have been studied

within the mean-field approximation2,3,17 and beyond.18–20

For instance, there is a depletion of chain ends that extends

a distance of order Re away from the solid. Additionally, the

reflection of the molecular conformations at the substrate and

the concomitant deepening of the intermolecular correlation

hole enhances long-range correlations,19,21,22 which cannot be

described by self-consistent field theory. These corrections to

Silberberg’s argument have been studied by Monte-Carlo

simulations in thin polymer films.18,20

In computer simulations, the structure and thermodynamics

of a polymer melt in contact with a solid substrate is often

studied by coarse-grained polymer models. The basic idea to

derive a coarse-grained model from a chemically realistic

description on the atomistic scale consists in lumping l
monomeric repeat units of a chemically realistic representation

into one coarse-grained segment.23 These coarse-grained

segments interact via simple and, in our case, soft interactions.

The parameters of the soft, coarse-grained model are chosen

such that the polymer density, rbulk/N, and the spatial

extension, Re, of the molecules remain invariant. By virtue

of the reduced number of degrees of freedom and the

softness of the interactions, coarse-grained models provide a

computationally efficient framework for studying structure

formation in dense multi-component polymer systems on the

length scale from a fraction of Re to micrometres.

One particular advantage of soft, coarse-grained

models24–26 is their ability to describe polymer melts with a

large invariant degree of polymerization, �N. Let No and

N = No/l denote the number of monomeric repeat units

of the chemically realistic model and the coarse-grained

representation, respectively. For Re to remain invariant, the

statistical segment length of the coarse-grained model must

be b ¼ Re=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N � 1
p

�
ffiffiffi
l
p

bo. Keeping the invariant degree of

polymerization fixed, �N ¼ ðrob3oÞ
2No � ð

ffiffiffi
l
p

rob
3
oÞ

2N, where

ro denotes the number density of monomeric repeat units in

the chemically realistic model, one has to increase the

number density of coarse-grained segments according to

rbulkb
3 ¼

ffiffiffi
l
p

rob
3
o. The softness of the potentials allows the

coarse-grained segments to overlap, rbulkb
3

c 1, which

corresponds to a large degree of coarse-graining, l, and

permits a computationally efficient modeling of large, experi-

mentally relevant values of �N. We note that the expressions

for the width of the polymer–solid contact, eqn (2), and the

interface tension, eqn (4), do not explicitly depend on the

definition of a coarse-grained segment or the detailed form of

the interactions between the monomeric repeat units. The

variables, No, bo and ro, of the chemically realistic model

or the quantities, N, b and rbulk, of the coarse-grained

representation only enter via the coarse-grained parameters,

Re, kN, and �N, which will remain invariant if l is altered.

The above arguments suggest that the structure and

thermodynamics of the polymer–solid contact is insensitive

to the number, N, of coarse-grained beads, into which the

molecular architecture is discretized and to the detailed form

of the interactions between the coarse-grained segments. There

are, however, two limitations: (i) The derivation tacitly

assumes that the coarse-grained model captures the self-similar,

universal Gaussian behavior of the molecular conformations

on the scale, Re. This requirement sets a lower limit for the

number of coarse-grained segments, N \ 16. If this requirement

is not fulfilled, one has to carefully tailor the segmental

interactions in order to encode the Gaussian structure of a

polymer on large scales. The limiting case, N = 1 has been

carefully studied by Bolhuis and coworkers in the case of

polymer solutions.27 (ii) The coarse-grained polymer model

must capture the molecular architecture on the length scale, x,
of the narrow polymer–solid contact. In the case of dilute or

semi-dilute polymer solutions, this is not an additional

requirement because the two length scales, x and Re, are of

the same order of magnitude. In a dense, nearly incompressible

melt, however, x/Re { 1 and the requirement bt x implicates

N \ 12kN, which is very difficult to fulfill by a coarse-grained

description.

In this work we explore the consequences of the second

limitation on the description of a narrow polymer–solid

contact. Specifically, we consider the limit that the statistical

segment length, bo, of the chemically realistic description is

much smaller than the width, x, of the polymer–solid contact

while x is smaller or comparable to the statistical segment

length of the coarse-grained representation. In this setting,

bo { x t b, the coarse-grained model fails to resolve the

Gaussian statistics of conformations on the length scale of the

polymer–solid contact as illustrated in Fig. 1.

A short overview of this manuscript’s structure is the

following: In the next section, we briefly summarize the salient

features of self-consistent field calculations for arbitrary

molecular models and the limiting case of the Gaussian-thread

model. By this, we demonstrate that bonded, intramolecular

interactions as well as external fields affect the interface tension

only via the density profile. In section III, we numerically

compute corrections to the ground-state approximation

for the interface tension and the density profile of the
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polymer–solid contact for the Gaussian-thread model and

explore the consequences of a large degree of coarse-graining,

l, on the interface properties. Subsequently, we discuss two

methods to compensate for the effects of a coarse molecular

representation—(i) altering the pairwise bonded interactions

in the vicinity of the solid that has recently been proposed by

Ramı́rez-Hernández et al.28 and (ii) adding a segment–solid

interaction. The density profile, interface tension and the

enrichment of chain ends at the interface are studied.

The predictions of the self-consistent field calculations are

quantitatively compared to Monte-Carlo simulations of a soft,

coarse-grained model. We conclude with a brief summary and

comment on the limit where the statistical segment length, bo,

of the chemically realistic model is comparable to the interface

width, x.

II. Model and techniques

A Self-consistent field theory

We consider a thin polymer film confined by two impenetrable

walls placed at x= 0 and x=D. The interface area of the film

is denoted by A and its volume is V = AD. The number

density of segments, f̂(r), at position r is calculated from the

microscopic conformations of the polymer chains according to

f̂ðrÞ ¼ 1

rbulk

Xn
i¼1

XN
t¼1

dðr� ri;tÞ ð5Þ

where the first sum runs over all n polymers in the system and

the second sum is taken over all N coarse-grained segments.

The position of the tth segment of polymer i is denoted by ri,t.

The microscopic density is normalized by the segment number

density, rbulk. We consider the grandcanonical ensemble,

where the thin film is in equilibrium with a reservoir of

polymers with chemical potential m. It is related to the excess

activity, z, via m = kBT ln z + kBT ln(rbulk/[NQfree]) where

Qfree denotes the conformational partition function of a non-

interacting, single molecule without geometric constraints. In

a thin film, we can distinguish between several different

interactions. These are the bonded interactions, Hb, that act

along the backbone of a molecule, non-bonded interactions,

Fex[f], that are expressed as a functional of the local density,

and an external one-body potential, Vwall/N, which represents

the interaction of the segments with the confining solid

boundaries. With these definitions, the partition function in

the grandcanonical ensemble takes the form:29

X /
X1
n¼0

e
mn
kBT

n!

Z Yn
i¼1

P½frgi�e
�

PN

t¼1 Vwallðri;tÞ
NkBT e

�Fex ½f̂�
kBT ð6Þ

where
R
P[{r}i] denotes the integral over conformations of

molecule, i, weighted with the Boltzmann factor of the bonded

interactions Z
P½frgi� � � � ¼

Z YN
t¼1

dri;te
�Hb ½frgi �

kBT � � � ð7Þ

and VQfree =
R
P[{r}i].

We rewrite this partition function as a functional integral

over the fluctuating density, F, and field, O30,31

X /
Z

D½F�D½O� exp �G½F;O�
kBT

� �
ð8Þ

with

G½F;O�
kBT

ffiffiffiffi
�N
p ¼ �z V

R3
e

Q½O� þ Fex½F�
kBT

ffiffiffiffi
�N
p �

Z
dr

R3
e

OðrÞFðrÞ ð9Þ

and

VQ½O� ¼ 1

Qfree

Z
P½frgi�e

� 1
N

PN

t¼1 Wðri;tÞ: ð10Þ

In the last equation, the effective interaction, W(r), that acts

on a coarse-grained segment

WðrÞ ¼ Vwallðri;tÞ
kBT

þ Oðri;tÞ ð11Þ

is comprised of the external segment–solid potential and the

fluctuating field, O, that represents the non-bonded inter-

actions of a segment.

The mean-field approximation of this partition function is

obtained by a saddle-point evaluation of the functional

Fig. 1 Sketch of two coarse-grained polymer models with different

spatial resolutions in contact with a solid substrate. The chain

discretization in the lower representation is coarse, and the size of a

coarse-grained segment is comparable to the width of the narrow

interface, which is marked in red. In the upper sketch, the molecular

contour is discretized into twice as many effective segments, and the

structure of the interface is better resolved. While the molecular

conformation of the macromolecule on large length scales is identical

in the two representations, in the conformation with the lower

resolution no effective segment enters the interface while in the finer

model one effective segment is located within the interface. In the

polymer–solid interface the density decays from its bulk value to zero

and the interaction with the neighboring segments, i.e., the near-

incompressibility of the melt, gives rise to an effective attraction

according to eqn (12). Therefore, the statistical weight of the two

conformations will differ.
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integrals over the fields, F and O. Their saddle-point values are
denoted by f and w, respectively, with

kBTwðrÞ ¼
N

rbulk

dFex½f�
dfðrÞ ð12Þ

and

fðrÞ ¼ � zV
dQ½w�
dwðrÞ

¼ z
Qfree

Z
P½frgi�e

� 1
N

PN

t¼1 Wðri;tÞ
XN
t¼1

dðr� ri;tÞ
N

:

ð13Þ

The last equation identifies f as the density that results from

an ensemble of mutually non-interacting molecules subjected

to the field, W = Vwall/kBT + w. Integrating this last relation

over the volume, one obtains

1

V

Z
drfðrÞ ¼ zQ: ð14Þ

Eqn (12) and (13) constitute a set of self-consistent equations,

which are solved via a gradient-free Newton method.

Substituting the saddle-point values, f and w, back into

eqn (9) and expressing the single-chain partition function, Q, in

the external field via eqn (14), we can express the mean-field

approximation for the grand potential, G= G[f,w], solely as a
functional of the density

G ¼ � kBT
rbulk
N

Z
drfðrÞ

þFex½f� �
Z

drfðrÞ dFex½f�
dfðrÞ :

ð15Þ

The first term represents the ideal gas contribution, the second

term is the excess of the Helmholtz free energy, and the third

contribution arises from the Legendre transformation to the

grandcanonical ensemble.

From eqn (15) we draw an important conclusion: Since the

specific form of the bonded interactions, Hb, or the external

one-body potential, Vwall, do not enter the grand potential,

eqn (15), explicitly but only via the density, f(r), we can either

modify the bonded interactions, Hb, or the external potential,

Vwall, or a combination of both in order to compensate for the

loss of resolution of the chain contour. If such a correction

reproduces the correct density profile it will simultaneously

yield the correct interface tension. This is the central result of

this section.

In the following, we additionally assume that the range of

the non-bonded interactions, which are described byFex[f], is
short compared to the length scale of the variation of

the density profile. This assumption will be appropriate if

the range of the non-bonded interactions is comparable to the

range of the bonded interactions, bo, in a chemically realistic

representation and bo { x. In this limit, the excess free-energy

functional is local

Fex½f�
kBT

¼ rbulk
N

Z
drf ðfÞ ð16Þ

and we use Helfand’s compressibility term5,54

f ðfÞ ¼ kN
2
ðf� 1Þ2: ð17Þ

The parameter k is related to the inverse isothermal

compressibility via �V@V
@p

���
nT
¼ kBTrbulkfð1þ kNfÞ=N. In

the following calculations, we set z = 1 such that the normalized

density in the bulk is fbulk = 1.

The effect of discretization of the molecular contour is

investigated using two chain models. First, we use a

bead-spring model (BSM), where the bonded interactions are

harmonic springs

Hb;BSM½frgi�
kBT

¼ 3ðN � 1Þ
2R2

e

XN�1
t¼1
½ri;tþ1 � ri;t�2: ð18Þ

Second, we take the limit N - N and define the continuous

contour parameter, 0 r s = t/N r 1. In this limit, the

bead-spring model converges towards the Gaussian-thread

model, and the bonded interactions are given by the Edwards

Hamiltonian

Hb;Gauss½frgi�
kBT

¼ 3

2R2
e

Z 1

0

ds
driðsÞ
ds

� �2
: ð19Þ

Technical details of the numerical self-consistent calculations

are relegated to the Appendix.

B Monte-Carlo simulations of the bead-spring model

The self-consistent field calculations invoke a mean-field

approximation. In order to assess the accuracy of their

predictions we have performed Monte-Carlo simulations of a

soft, coarse-grained polymer model, which closely mimics the

bead-spring model used in the self-consistent field calculations.

The bonded interactions are identical to eqn (18) used in

the self-consistent field calculations. In the Monte-Carlo

simulation we express the non-bonded interactions, eqn (16)

and (17), through the explicit segment coordinates. Thus, all

the interactions depend on the particle coordinates, {ri,t}, and

the statistical mechanics of the coarse-grained model can be

investigated without any approximation by Monte-Carlo

simulation.24

To this end, one can either regularize eqn (5) by assigning

the particle positions to a collocation lattice25,40,41 or calculate

the local density in the vicinity of a segment.26,42 In the

following, we have adopted the latter procedure i.e., instead

of eqn (5) we use

f̂ðrÞ ¼ 1

rbulk

Xn
i¼1

XN
t¼1

wðjr� ri;tjÞ ð20Þ

where wðrÞ ¼ 3
4pr3

int

for r r rint = 0.0835Re and w(r) = 0

otherwise. The range of the weighting function, rint, is dictated

by a compromise: (i) rint is much shorter than the characteristic

length scale, x, of the density profile and therefore it mimics

the range of interactions employed in the self-consistent field

calculations. (ii) rint is sufficiently large such that the beads

strongly overlap and the soft interactions do not give rise to

pronounced liquid-like structuring of the fluid of beads. Under

these conditions, the specific form of the weighting function,

w, is only of minor importance.55
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Using this definition of the local density, we obtain for the

non-bonded interactions the following pairwise form:

HnbðfrgÞ ¼Fex½f̂� ¼
X

ði;tÞoðj;sÞ
Vðjri;t � rj;sjÞ ð21Þ

where, in the last step, we have neglected terms that do not

depend on the particles’ coordinates. The soft pair-potential

takes the explicit form:

Vðjr0 � r00jÞ ¼ kkBT
rbulk

Z
drwðjr� r0jÞwðjr� r00jÞ ð22Þ

¼ 3kkBT
8prbulkr

3
int

2þ d

2rint

� �
1� d

2rint

� �2

ð23Þ

for d r 2rint and V(d) = 0 otherwise, where d = |r0 � r00|

denotes the particle distance.

In accord with the previous study28 the Monte-Carlo

simulations have been performed in the canonical ensemble

for a slit with a thickness D = 4Re. We have updated the

conformations by local displacements of single segments

and slithering-snake movements of complete chains. The

parameter combination N = 32, kN = 50, and
ffiffiffiffi
�N
p
¼ 128

has been studied.

III. Results

A Gaussian-thread model

In Fig. 2(a) we present the interface tension of a melt in

contact with a hard, impenetrable solid as a function of the

inverse compressibility of the melt. Even when the chains do

not mutually interact, kN = 0, the presence of the solid

boundaries constrains the chain conformations and the inter-

face tension, g, is finite. As the inverse compressibility

increases, the interface tension increases and for large values

of kN we find good agreement with the analytical prediction of

the ground-state dominance.2,3 In the inset of panel (a), we

plot the deviation from the ground-state approximation as a

function of 1/kN. Such a dependence on chain length has been

suggested in previous work.2,3 The results of the numerical

self-consistent field calculations approach the analytical

prediction, gGS, from above according to

g � gGS 1þ 0:58

kN
þ � � �

� �
: ð24Þ

In panel (b) of Fig. 2, we compare the density profiles of

Gaussian threads with the prediction of the ground-state

approximation. The distance, x, from the solid boundary is

scaled by the Edwards screening length, x, in order to

compensate for the reduction of the width of the polymer–

solid interface upon increasing kN. For finite values of kN, the

numerical self-consistent field calculations predict a narrower

interface than the ground-state approximation. The main

deviation from the density profile, predicted by the ground-

state approximation, scales like 1/kN and its range is on the

order of x. This deviation is clearly visible in the central inset,

which depicts the scaled relative difference kN(f/fGS � 1)

versus x/x. There exists, however, a weak but longer-range

correction in the tail, which becomes visible when plotting the

deviation on a semi-logarithmic scale. A correction of the form

N�3/2 ~f(x/Re), with ~f being a scaling function, has been

obtained in analytical calculations,2,3,17 and our numerical

results are compatible with this prediction. Thus the effect of

the polymer–solid contact is not completely confined to the

narrow interface of width x, but even within the mean-field

approximation, there is a weak correction that extends up to a

distance of order Re away from the solid—the interphase.

B Bead-spring model

The interface tension, g, shown in Fig. 3(a) for various

numbers of beads per chain ranging from N = 32 to

N= 16834, is obtained from the self-consistent field calculations

of the bead-spring model. The former value is rather typical

for chain discretizations of bead-spring models employed to

investigate the structure and thermodynamics of multi-component

Fig. 2 (a) Scaled interface tension, gR2
e=ðkBT

ffiffiffiffi
�N
p
Þ, as a function of

the inverse compressibility, kN, as obtained by self-consistent field

calculations of the Gaussian-thread model. The film thickness, D, is

either kept constant at D = 2Re or varied according to

D ¼ 31Re=
ffiffiffiffiffiffiffi
kN
p

� 107x. The prediction of the ground-state approx-

imation (GS) is shown for comparison. The inset highlights the

correction to the ground-state approximation. (b) Density profiles

at a hard, impenetrable solid for various values of the inverse

compressibility, kN, as indicated in the key. The arrow shows the

direction of increasing values of kN. The insets highlight the deviation

from the ground-state profile.
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polymer systems on length scale Re. The failure of the coarse-

grained model to describe the Gaussian chain statistics on the

length scale of the narrow polymer–solid interface results

in a spurious dependence of the interface tension on the

chain discretization, N. The comparison with the result of

the Gaussian-thread model (cf. Fig. 2) reveals that results

for small N give rise to a significant underestimation of

the interface tension. Upon increasing N, the results of

the bead-spring model gradually approach the data for the

Gaussian-thread model representing the limit N - N. The

inset demonstrates that the deviation between the bead-spring

data for finite N and the results of the Gaussian-thread limit

decreases as 1=
ffiffiffiffi
N
p

.

Fig. 3(b) presents the density profiles, f(x), as a function of

the distance from the solid boundary. The value of the inverse

compressibility is fixed at kN = 50. In qualitative agreement

with previous Monte-Carlo simulations of a soft bead-spring

model,28 we observe a pronounced N-dependence of the

density profile in our numerical self-consistent field calculations.

For small chain discretization, N= 32, the density at the solid

boundary is overestimated. The inset of panel b shows the

scaled deviation of the density profile from the Gaussian-

thread limit. The amplitude of this deviation decreases like

1=
ffiffiffiffi
N
p

. Since the graph plots data at fixed kN, we cannot

distinguish whether the spatial range of the correction is of

order x or Re. The spatial range appears to be independent of

the statistical segment length, b ¼ Re=
ffiffiffiffi
N
p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
12kN
p

x=
ffiffiffiffi
N
p

,

of the bead-spring model. It approaches its limiting behavior

for N - N from below.

Given this rather pronounced N-dependence of the tension

and the density profile of the narrow interface, it is tempting to

compensate for the effect by either introducing an additional

term, DHb, that modifies the pairwise bonded interactions or

by adding an external one-body potential, Vwall. Within the

mean-field approximation (cf. section II), either strategy can

simultaneously adjust the interface tension and the density

profile to the known values of the Gaussian-thread model.

C Compensation by a modified bonded interaction, DHb

In order to derive a modified bonded interaction, DHb, it is

useful to compare the statistical weight, PBSM(rt+1, rt), of a

bond that connects two neighboring beads, t and t + 1, of a

bead-spring model in mean-field approximation

PBSM ¼
3ðN � 1Þ
2pR2

e

� �3=2

e
�3ðN�1Þ

2R2
e
½rtþ1�rt �2�

wðrtþ1ÞþwðrtÞ
2N ð25Þ

and statistical weight, PGauss, of a Gaussian thread

PGauss ¼
Zrð 1

N�1Þ¼rtþ1

rð0Þ¼rt

D½rðsÞ�e
�
R

ds
3

2R2
e

dr
ds

� 	2
þwðrðsÞÞ

n o

¼ q rtþ1;
1

N � 1

����rt
� � ð26Þ

that connects the positions, rt+1 and rt. q(rt+1, s|rt) is the

partition function of a chain fraction of length s ¼ 1
N�1 starting

at rt and terminating at r = rt+1. It also obeys the modified

diffusion equation, eqn (37), with the same adsorbing

boundary conditions at the film boundaries but with the initial

condition

q(r, 0|rt) = d(r � rt). (27)

Ramı́rez-Hernández et al. suggested to add28

DHbðfrgÞ
kBT

¼ �
XN�1
t¼1

ln
PGaussðrtþ1; rtÞ
PBSMðrtþ1; rtÞ

ð28Þ

to the bonded interaction as a way to compensate for the

effects of chain discretization. This strategy gives rise to a

pairwise bonded interaction that not only depends on the

distance between the connected beads but also on their

distance from the confining boundaries. In their approach,

the field, w, which mimics the interaction of a bead with

its surrounding neighbors is ignored and the full partition

Fig. 3 (a) Scaled interface tension, gR2
e=ðkBT

ffiffiffiffi
�N
p
Þ, as a function of

the inverse compressibility, kN, as obtained by self-consistent field

calculations of the bead-spring model. The different symbols correspond

to a different discretization, N, of the chain. The result of Gaussian

threads is depicted as a solid line for comparison. The inset demon-

strates that the interface tension of the bead-spring models approaches

the Gaussian-thread limit for N - N with a 1=
ffiffiffiffi
N
p

-correction. The

different lines correspond to various values of kN as indicated in the

key. (b) Density profiles at a hard, impenetrable solid boundary

for various values of N, as indicated in the key, and constant

kN = 50. The inset highlights the deviation from the profile of the

Gaussian-thread model.
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function, q, of a chain fraction is replaced by the partition

function, q(0), of a geometrically confined but otherwise

non-interacting chain fraction. This approximation becomes

accurate for kN - 0, i.e., an ideal gas of polymers in contact

with a solid. In this limit, the modified diffusion equation

can be solved via the method of images. In the case of a

semi-infinite system, one obtains28

qð0Þðr; tjrtÞ ¼ qoðr; tjrtÞ
e
�3½x�xt �

2

2R2
e t � e

�3½xþxt�
2

2R2
e t

e
�3½x�xt�

2

2R2
e t

ð29Þ

where

qoðr; tjrtÞ ¼
3

2pRet

� �3=2

e
�3½r�rt�

2

2R2
e t ð30Þ

is the propagator in free space. Thus the effective interaction

energy due to the eliminated degrees of freedom between

the coarse-grained segments, t and t + 1, gives rise to an

additional bonding energy of the form28

DHb½frg�
kBT

¼ �
XN�1
t¼1

ln 1� e
�6ðN�1Þxtxtþ1

R2
e

" #
: ð31Þ

The spatial range of this correction to the bonded interaction

is set by the statistical segment length, b ¼ Re=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N � 1
p

, of the

coarse-grained bead-spring model. Since it neglects the

non-bonded interactions, kN = 0, it completely ignores the

width of the polymer–solid interface, x.
In Fig. 4 we compare the interface tension of the bead-

spring model without and with the modified bonded inter-

actions, DHb, to the results of the Gaussian-thread model.

We observe that the interface tension of the augmented bead-

spring model is much closer to the Gaussian-thread model.

For small values of the inverse compressibility, kN t 50, and

N= 32, the difference is less than 5%. For larger values of kN
or smaller values of N, however, deviations are more

pronounced.

In order to enhance this method for the problem at hand,

one could either treat the field, w, as a perturbation2,3 and

analytically derive an improved estimate for DHb or numerically

solve the partial differential equation, eqn (37), using the same

pseudo-spectral method of the self-consistent field calculations

of the Gaussian-thread model. The first strategy is rather

cumbersome and remains an approximation. The second

avenue is impractical because DHb explicitly depends on

two variables, xt and xt+1, and not only on their difference.

If such a numerically determined function were to be used in

computer simulations of coarse-grained models, DHb would

have to be parameterized as a function of two independent

variables.

D Compensation by an external segment–solid interaction,

Vwall

In view of these difficulties it is warranted to explore

alternative techniques to compensate for the discretization

error. In this section, we will numerically determine an

external one-body potential, Vwall, such that the density

profile, f(x), of the bead-spring model matches the profile,

fGauss(x), of the Gaussian-thread model. Since the density

profile is only affected by the combination, W ¼ wþ Vwall
kBT

, one

solves eqn (13) and replaces eqn (12) by the constraint

f(x) = fGauss(x) (32)

for the field, W(x). The external one-body potential that

compensates for the discretization effect at the narrow

polymer–solid contact is then given by

Vwall

kBT
¼W � N

kBTrbulk

dFex½f�
dfðrÞ ¼W � kNðf� 1Þ ð33Þ

Within the mean-field approximation, this external one-body

potential, Vwall, reproduces the value of the interface tension

of the Gaussian-thread model because the grand potential

can be expressed as a functional of the density only

(cf. eqn (15)). By construction, this strategy does not rely on

assuming that the strength of the non-bonded interactions,

kN, is small.

In Fig. 5 we present the external one-body potential for

kN= 50 and different chain discretizations, N. The magnitude

of the potential is compatible with a 1=
ffiffiffiffi
N
p

behavior but no

data collapse occurs when plotting the results versus x/b or

x/x. As expected, both the length scale of the non-bonded

interactions, x, as well as the statistical segment length, b, of

the coarse-grained bead-spring model are important and no

simple scaling of the spatial dependence emerges.

The external segment–solid potential can be obtained

with manageable computational effort from one-dimensional

self-consistent field calculations, and the numerical results can

be parameterized as a function of the distance, x, from

the polymer–solid contact. Alternatively, the mean-field

approximation can be avoided by using computer simulations,

and Vwall can be numerically obtained by iterative Boltzmann

inversion38 of eqn (32). Calculating the density profile

and the pair correlation function of density fluctuations

at the solid in the simulations, one can predict the change

Fig. 4 Scaled interface tension of the Gaussian-thread model, the

bead-spring model with N = 16 and 32, and the bead-spring model

with the modified bonded interaction, eqn (31), accounting for

geometric confinement.
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of the interface tension and the density profile in response to

changing Vwall:
39

dG
dVwallðrÞ

¼ rbulk
N
hf̂ðrÞi ð34Þ

dfðrÞ
dVwallðr0Þ

¼ � rbulk
NkBT

hf̂ðrÞf̂ðr0Þi � hf̂ðrÞihf̂ðr0Þi

 �

E End segment distribution

Adding an appropriate Vwall we exactly reproduce the density

profile and the interface free energy. This encourages us to

study the behavior of other characteristics of the polymer melt

in contact with the solid. In Fig. 6(a) and (b) we illustrate the

influence of DHb and Vwall on the spatial distribution of chain

ends for kN = 50 and 100, respectively. The main panels

depict the relative excess of chain ends, Dfend(x) =Nfend(x)/2�
f(x).2 In the Gaussian-thread model, chain ends are

enriched at the interface and there is a concomitant depletion

zone that extends a distance Re away from the solid.2,3 We

note that the bead-spring model with a contour discretization

of N = 32 overestimates the density of chain ends at the

polymer–solid interface in comparison with the predictions of

the Gaussian-thread model.56 In fact, the absolute value of

fend(x) in the bead-spring model remains almost constant for

kN = 50 or even increases towards the surface for kN = 100.

For the Gaussian-thread model, however, both the segment

density as well as chain end density vanish at the polymer–

solid contact, x = 0.

A modification of the bonded interactions in the vicinity of

the surface qualitatively reproduces the behavior of the

Gaussian-thread model, i.e., Dfend - 0 for x - 0, a positive

excess of chain ends in the narrow interface, and a concomitant

depletion in the broader interphase. However, the magnitude

of the enrichment in the interfaces and the depletion in the

range x t x t Re are overestimated, and the deviation from

the prediction of the Gaussian-thread model increases as the

melt becomes less compressible. Using Vwall, we do not

observe perfect agreement with the prediction of the Gaussian-

thread model either but the results are significantly closer to

the model with infinitely fine discretization than the bare

bead-spring model or the model with modified bonded inter-

actions. The advantage of compensating the chain discretiza-

tion by an external segment–solid interaction, Vwall, becomes

more pronounced for the larger value of kN, where already the

density profile with DHb clearly deviates from the Gaussian-

thread model.

IV. Comparison to Monte-Carlo simulations of a

soft, coarse-grained model

To take into account the influence of the solid, we have applied

both approaches: (i) we included a modified bonded inter-

action between beads (cf. eqn (31)) and (ii) we included an

external segment–solid interaction obtained by using self-

consistent field theory.

Fig. 5 Vwall/kBT as a function of the distance, x, from the wall. The

inverse compressibility is kN=50 and the different values of the chain

discretization, N, are indicated in the key. The amplitude of the

compensation potential that acts on a segment is compatible with a

1=
ffiffiffiffi
N
p

-behavior. The main panel plots the scaled potential as a

function of x=b ¼ x
ffiffiffiffi
N
p

=Re while the inset presents the scaled poten-

tial versus x/x. The arrows on the top mark b=x �
ffiffiffiffiffiffiffiffiffi
12kN
N

q
.

Fig. 6 Distribution of chain ends at a polymer–solid contact. The

main panels present the relative excess of chain ends, Dfend(x), for

(a) kN = 50 and (b) kN = 100, respectively. The predictions for the

Gaussian-thread and bead-spring models without compensation, with

modified bonded interaction, DHb, and with an external segment–

solid interaction, Vwall, are shown. N= 32 beads are used to represent

the molecular contour in the bead-spring models. The insets depict the

density profiles for comparison.
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The external segment–solid interaction is presented in

Fig. 7a. The different results were obtained by self-consistent

field calculations in the grandcanonical ensemble (cf. Fig. 5)

forD= 2Re and canonical self-consistent field calculations for

D = 4Re.
57 In order to obtain the latter result, we have first

calculated the density profile for the Gaussian-thread model in

a film of thickness D = 4Re and used this density profile

fGauss,can in the canonical ensemble to calculate w for the

bead-spring model. The external one-body potential is

obtained by Vwall/kBT = W � kN(fGauss,can � 1) + c, where

the constant, c = 2.09101, ensures that Vwall - 0 for x-N.

Fig. 7(a) shows that the external potentials, Vwall, obtained in

the grandcanonical and the canonical ensemble are very

similar. In the Monte-Carlo simulations we have used the

potential Vwall/kBT = W � kN(fGS � 1) where W has been

calculated in the grandcanonical ensemble. At short distances,

x o 0.1Re, the potential is strongly repulsive and it includes a

small attractive component at intermediate distances.

The quantitative comparison between the results of the

Monte-Carlo simulations and the self-consistent field theory

is presented in Fig. 7. The main panel presents the excess of

chain ends at the polymer–solid contact and the inset depicts

the density profiles. First we note that the predictions of the

self-consistent field theory and the results of the Monte-Carlo

simulations are in very good, quantitative agreement without

any adjustable parameter. This illustrates (i) the ability of soft,

coarse-grained models to establish a quantitative relation

between particle-based models and field-theoretic models

and (ii) the accuracy of the mean-field approximation for

polymer systems with a large invariant degree of polymerization,
�N. Second, in agreement with the predictions of the previous

section, both approaches improve the behavior of the monomer

density near walls. Using the external potential, we obtain a

better quantitative agreement with the theoretical results of

Gaussian-thread model for the density of chain ends.

V. Summary and conclusions

Using self-consistent field calculations of a Gaussian-thread

and a bead-spring model, we have studied the properties of a

polymer–solid contact in the regime where the chemically

realistic conformations of a macromolecule obey Gaussian

statistics on the length scale of the narrow polymer–solid

contact, x. Within the mean-field approximation, the interface

tension can be expressed solely as a functional of the density

profile, f(x); it depends on the bonded interactions or inter-

action with the wall (or an external field) only via the density.

For the Gaussian-thread model, we have numerically

derived a first-order correction to the ground-state approx-

imation for the interface tension, eqn (24), and illustrated that

the density profile exhibits a small correction that persists up

to distances of the order Re away from the solid. This finding is

in agreement with previous analytical considerations.2,3

We have shown that chain discretization effects will

have a rather pronounced impact on the density profile

and the interface tension if the statistical segment length,

b ¼ Re=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N � 1
p

, of the bead-spring model becomes comparable

to or larger than the width of the narrow polymer–solid

contact, x. For a small discretization, N, of the molecular

contour, the density at the polymer solid contact is over-

estimated and the interface tension is underestimated. Two

strategies for compensating these discretization artifacts have

been explored—modifying the pairwise bonded interactions,

DHb, in the vicinity of the solid and augmenting the model

with an external one-body potential, Vwall. In the former case,

a simple analytical expression has previously been derived for

DHb ignoring the non-bonded interactions, i.e., kN= 0.28 We

show that this approximation yields accurate estimates for the

surface tension up to kNt 50 forN=32. For larger values of

the inverse compressibility or smaller chain discretizations,

however, the deviations from the predictions of the Gaussian-

thread model grow substantially. In the latter case, the

external one-body potential, Vwall, can be obtained using

numerical self-consistent field theory at low computational

expense. In contrast to DHb, Vwall only depends on the

distance of the coarse-grained segment from the solid boundary

and can be easily parameterized for its use in numerical

Fig. 7 (a) Vwall/kBT as a function of the distance, x, from the wall for

kN = 50,
ffiffiffiffi
�N
p
¼ 128, and chain discretization N = 32. The panel

presents the predictions of the self-consistent field theory in the

grandcanonical and canonical ensemble and the potential, which has

been utilized in the Monte-Carlo simulation. (b) Excess of chain ends

and density profile (inset) at the polymer–solid contact as obtained by

self-consistent field calculations in the canonical ensemble D = 4Re

and Monte-Carlo simulations. Results using the modified bonded

interaction and the external segment–solid interaction are shown.
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simulations. Naturally, the same form of an external one-body

potential, Vwall, can also account for explicit interactions

between the polymer and the solid, for example a long-range

van-der-Waals interaction, which have not been considered in

the present study. Moreover, in situations where the density

profile at the polymer–solid contact or the interface tension are

unknown, such an external one-body potential also provides a

convenient means to adjust the interface tension in a coarse-

grained representation to experimentally measured values.

Lastly, a comment on the assumed validity of the Gaussian-

thread model is in order. Throughout the manuscript we have

assumed that the statistical segment length, bo, of a chemically

realistic chain is smaller than the Edwards screening length, x,
such that the ‘‘true’’ molecular statistics on the length scale x is
Gaussian. In semi-dilute polymer solutions this assumption

may be questionable because the Edwards screening length, x,
also sets the length scale of the cross-over between self-

avoiding chain statistics on length scales smaller than x and

Gaussian chain behavior for larger length scales. The width of

the polymer–solid contact is comparable to the cross-over

length scale and corrections to the Gaussian chain statistics

have to be anticipated. In dense polymer melts, in turn, the

screening length may become comparable to bo itself, and the

discrete molecular structure of the chemically realistic macro-

molecule on the length scale, x, becomes important. In both

cases, the physical properties of the interface are not completely

described by the coarse-grained parameters, Re, kN, and �N,

even for very fine chain discretizations. Local details of the

molecular architecture (e.g., molecular stiffness or local

swelling of the chains due to excluded volume) and the fluid-

like packing of the monomeric repeat units may exert a

pronounced influence on the interface. The discretization

effects discussed in the present manuscript may qualitatively

indicate some aspects of the physical consequences of the

discrete molecular structure on the properties of the narrow

polymer–solid contact. Additional effects—e.g., stiffness along

the molecular backbone, shape of the monomeric repeat units

and their liquid-like packing in a dense melt, and a more

realistic equation of state—have to be considered to complete

the picture of polymer–solid contacts. A more quantitative

description can be achieved by polymer density-functional

theory.43–51

Even if a highly coarse-grained model cannot describe the

detailed properties of the polymer–solid contact, one may still

contemplate the issue, which the relevant properties of a

polymer–solid interface are that a coarse-grained model has

to capture in order to describe the properties on the larger

length scale Re. Certainly, the geometry of the solid (area and

shape) as well as the tension constitute a minimal set of

relevant characteristics of polymer–solid contacts because they

dictate fundamental thermodynamic properties (e.g., the

stability of a polymer film in contact with the solid against

de-wetting). For instance, coarse-grained simulations of

blends of diblock copolymers and nano-particles52 illustrated

that the shape and size of the nano-particle boundary and its

interface tension are sufficient to predict the rather subtle

effects that dictate the distribution of the nano-particle in

the spatially modulated polymer system. The geometry of

the solid and its interface tension are also experimentally

accessible (e.g., by contact angle measurements). These

coarse-grained interface parameters play a similar role as

the end-to-end distance, Re, in the bulk in establishing a

quantitative relation between a coarse-grained model and an

experimental system. They cannot be predicted by a coarse-

grained representation but once the coarse-grained model has

been adjusted to reproduce the experimental value, we expect

it to be useful for predicting properties on larger length scales.

Additional refinements may aim for adjusting the length

scale of the segment–solid interaction (i.e., short-range,

exponential decay versus a power-law decay due to van-der-Waals

interactions) because it may qualitatively affect the wetting

behavior and stability of thin films.53 The range and strength

of the interaction may also have a pronounced effect on

the single-chain dynamics, since a strongly attractive, short-

ranged potential will tend to strongly adsorb the molecules

onto the solid and lead to protracted exchange kinetics

between the interface and the bulk. These coarse-grained

properties of the polymer–solid contact can be conveniently

introduced in a computational model via a segment–solid

interaction, Vwall.

Appendix A: details of the numerical self-consistent

field calculations

Partial enumeration technique for the bead-spring model

In order to calculate the partition function, Q, of a single chain

in the field w and its functional derivative, we resort to a

partial enumeration scheme32–36 where one approximates the

integral over all chain conformations by the sum over a large

number, nc, of conformations, rc,t. These single-chain

conformations are generated according to the Boltzmann

factor, exp �Hb;BSM½frgc �
kBT


 �
, i.e., they are representative of

non-interacting, single molecules in the bulk. In this frame-

work, one obtains

Q ¼ 1

nc

Xnc
c¼1

e
�DHb
kBT

�
PN

t¼1
Wðrc;tÞ

N ð35Þ

where DHb represents additional bonded interactions, which

may be introduced to compensate discretization effects

(cf. section IIIC). We calculate the density according to

eqn (13) using

�V dQ½w�
dwðrÞ ¼

1

nc

Xnc
c¼1

e
�DHb
kBT

�
PN

t¼1
Wðrc;tÞ

N
XN
t¼1

Vdðr� rc;tÞ
N

ð36Þ

Typically, we use nc = 107. The evaluation of the single-chain

properties is performed by dividing the set of single-chain

conformations equally among different processors independently

of their position in space. Cores compute the contribution of

‘‘their’’ conformations to Q and f in parallel and the results

are summed across the different processors.34–36 This compu-

tational scheme can be generalized to arbitrary single-chain

conformations and allows us to incorporate details of the

molecular architecture on small scales (e.g., stiffness along

the molecular backbone or non-linear chain topologies).
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Gaussian-thread model

It is useful to define a partition function, q(r, s), of a chain

fraction of length s starting anywhere in the volume, V, and

terminating at position r. It obeys the modified diffusion

equation5

@q

@s
¼ R2

e

6
Dq� wq ð37Þ

with the starting condition

q(r, s = 0) = 1 (38)

and the boundary conditions58

q(x = 0, y, z, s) = 0 and q(x = D, y, z, s) = 0. (39)

We solve this partial differential equation using a pseudo-

spectral method.37 The integration along the chain contour is

very finely discretized with Ds = 1/16 324 in order to

accurately represent the limit of continuous Gaussian threads.

Once q(r, s) is obtained, one can calculate the single-chain

partition function

Q ¼ 1

V

Z
drqðr; sÞqðr; 1� sÞ 80 � s � 1 ð40Þ

and its functional derivative

�V dQ½w�
dwðrÞ ¼

Z 1

0

dsqðr; sÞqðr; 1� sÞ: ð41Þ

For both chain models, the spatial dependency of the

density is discretized using a one-dimensional grid with a

typical resolution, Dx = Re/128, for the bead-spring model

and Dx = Re/128 or Re/1024 for the Gaussian-thread model.
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df
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Since Gbulk = �pV in the homogeneous bulk, with p being the
pressure, the bulk equation of state is given by p(f) =
kBTrbulkp(f)/N and the mean-field approximation of the interface
tension, g, can be calculated as the spatial integral of the deviation
of the pressure from its bulk value

gR2
e

kBT
ffiffiffiffi
�N
p ¼

Z D=2

0

dx

Re
½pðfbulkÞ � pðfðxÞÞ�:
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56 Due to the small discretization, N = 32, the data for the bead-
spring model rather correspond to an extended ‘‘end-fraction’’ of a
molecule, which exhibitsa less pronounced spatial variation of the
relative excess.

57 In order to perform calculations in the canonical ensemble we have
augmented the self-consistent set of equations, (12) and 13), by a
single equation, zQ = 1, and adjusted both the field w(x) and the

excess activity, z. Since the normalized density at the center of the
film is larger than unity, z 4 1 in the canonical calculations. For
the Gaussian-thread model we obtain z = 8.095 for film thickness
D = 4Re. Altering the bonded interactions in the vicinity of the
polymer–solid contact, we obtain z = 6.856 for the bead-spring
model. Using an external segment–solid interaction, we can
interpret the plateau value c = kN(fGauss,can � 1) � W at the
center of the film as a shift of the chemical potential and obtain
z = exp(c) = 8.093. Thus the external segment–solid interaction
also improves the thermodynamic predictions (e.g., polymer
adsorption/partitioning into confined environments) of the
coarse-grained model.

58 This Dirichlet boundary condition will be appropriate if the spatial
discretization is sufficient to resolve the spatial variation of w(x).
This condition is fulfilled in our calculations. For the case that the
self-consistent field calculations of Gaussian threads cannot resolve
the spatial dependence of the interactions, effective boundary
conditions for eqn (37) have been devised, cf. G. H. Fredrickson,
The Equilibrium Theory of Inhomogeneous Polymers, Clarendon
Press, Oxford, 2006.
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